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Abstract 

It is shown that any theory of gravitation, based on the hypothesis 
of the geodesic motion of test particles must be invariant under geodesic 
(projecive) mappings of the used space-time. The reason is that due to 
invariance of the equations of geodesic hnes under a continuous group of 
transformations of the coefficients of affine connection, there is a wide class 
of transformations of the geometrical objects of Riemannian space-time 
which leaves invariant the equations of motion of test particles. The FRW 
metric in cosmology and the Schwarzschild metric are a good example to 
make sure that the standard space-time metrics does not determine the 
gravitational field unequivocally. 



1 Introduction 

The equations of motion of test bodies play a fundamental role in the classical 
field theory. They give evidence for the existence of the field and allow us to find 
its properties. The functions appearing in these equations are characteristics of 
the field. 

In the case of gravity, the gravitational equations of motion of test particles 
are invariant under some group of transformations of the Christoffel symbols 
- of geodesic transformations [1 : 

r(x)^^ = nx)$^ + M^)S" + ^^ix)si (1) 

where '0q(x) is an arbitrary gradient covector field. It is easiest to see it, if the 
coordinate t = x'^ /c is used as a parameter in geodesic line: 

X" + (r^^ - c-ir;^^i")i;^iT = 0. (2) 

It seems obvious that the Christoffel symbols r^^(x) and r^^(a;) describe 
the same physical gravitational field, just as the 4-potentials in classical electro- 
dynamics, connected by a gauge transformation Ajs — > + dp4i{x). 

Such a gauge transformation of the Christoffel symbols induces a correspond- 
ing transformation of the metric tensor f;^i,, the curvature tensor i?^^^, and the 
Ricci tensor Rap- So, all these objects in themselves have no more physical 
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meaning than 4-potentials in electrodynamics. Evidently due to this fact 
the equations of gravitational field, based on the hypothesis on free motion on 
geodesic lines, must be invariant under the geodesic (projective) transforma- 
tions. It is well known that even vacuum Einstein's equations do not satisfy 
this condition pj^. 

In Riemannian space-time, eqs.(IT]) are equivalent to the mappings of the 
space-time V with the metric tensor g{x)ap to the space-time V with the metric 
tensor 'g{x)ap defined by the following PDE: 

9ix)ai3-j = 2V'(a;)T,5„^(x) -I- V (a;) 03^,^(2;) -I- 'ilj{x)figa^{x), (3) 

where a semicolon denotes a covariant derivative with respect to x" in V. There 
exists extensive literature on the investigation of the possibility of geodesic map- 
ping V ^ V based on these equations [4J. 

Consequently, every solution of Einstein's equations in any coordinate system 
gives in general only one of many physically equivalent metrics [S] . 



2 FRW metric 

It is recently this fact has been discovered independently in |6j for the case of 
the FRW metric. It was noted in this paper (and after that in [7|) that the 
line element of this cosmological model admits one-parameter transformations 
of the metric tensor that leaves unchanged non parameterized geodesies. 

But the truth is that this is not a random fact. This is not a specifics 
of the FRW metric. The truth is that the metric, Christoffel symbols, or the 
curvature tensor define the gravity field only up to geodesic transformations, 
which should play the role of gauge transformations in any geometrical theory 
of gravitation^. 

Due to simplicity of the FRW metric, consideration of the consequences of 
such geodesic equivalence of metrics is especially simple. 

Consider the line elements of a Riemannian space-time V: 

ds^ b{t)dt^ +a{t)aik{x^,x'^,x'^)dx^dx''. (4) 

It is known [Z\ that geodesies of such metric are the same as the ones of the 
space-time V with the line element 

df = B{t)dt^ + A{t)a^k{x^,x^,x^)dx^dx^. (5) 

where 

and q is an arbitrary constant . 

Consider briefiy the proof of this important fact. 



^We mean the original Einstein's equations, and not frequently considered its mathematical 
generalization 
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Contracting (2) with respect to a and /3, we obtain F^^ = F^^ + (n + 1) V-',3- 
Consequently, 



/ 1 d , 



det g 



detg 



(8) 



which shows that in the case under consideration only O-component of tpa^s 
other than zero. 

The useful for us components of the ChristofFel symbols of V are: 

= b'{t)/2 h, F?! = a\t)l2b{t), - a'(i)/2 a{t), 

and the same components of V: 

ro„ = S'(t)/2B, t,,^-A'{t)l2B{t), T\,^A\t)l2A{t). (9) 
Then eqs. ([T]) gives the following equations 

A'{t) _ a'jt) 
A{t) ~ a{t) 

B'it) b'it) 



B{t) b{t) 

A'{t) _ 0^ 
B{t) bit) 



= 2Vo, (10) 
= 4Vo, (11) 
= 0. (12) 



Therefore, A/a — exp(2 J ijj{t)odt), B/b — exp(4 J il;{t)odt) where the integra- 
tion constants are equal to 1 because at ^/'(t)o — the functions A{t) = a{t) and 
B(t) = b{t). Consequently, B{t)/b{t) = {A.{t) / a{t)f ,&-nd with ^ we obtain 
the differential equations 



A'{x)-A{tf^^O, (13) 
a{t) 

which gives ([7]). Now from previous equation we obtain the function B{t) in the 
form (ini). 

On the contrary, if in eq. ([1]) to set -04 = for 1=1,2,3, and -00 = — V291n(l + 
qb{t))/dt, then eqs. (flTO . (fTT|) . and p2p are satisfied. Thus, with this choice of 
the covector field 'tp{x)on the line element at 6 = — 1 is equivalent to In 
other words, the both line elements have the same equations of motion of test 
particles. 



3 Schwarzschild metric 

As another example, we show here that a static centrally symmetric metric 

ds^ = b{r)dr^ +r^{de^ +sm^ed(t>'^)-a{r)de, (14) 

(in particular, Shvartsshild metric) is not unique. Namely, in a given coordinate 
system it has common geodesic lines with a metric of the form 
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ds = B{r)dr^ + F{r f{de'^ +sm'^ed(t)'^) ~ A{r)dt'^, (15) 

where A{x),B{x) and F{x) are functions of r, depending on a continuous pa- 
rameter. 

The Christoffel symbols for is given by 



1 b'jr) 
'i'Hr) 



, r: 



re 



1 , j.r 

r' '■*"2a(r)' " 



(16) 



-0 



r sin 6 



"'^ sin 61' 6(r) ' 

The Christoffel symbols for[T51are: 



1 a'fr^l 

sin6icos6i, = (17) 



2 6(r) 



-r _li?'(r) e _F'{r) _F'(r) t _lA'(r) . _ F{r)F'{r) 

i^,. — ^ „ , . , i- re ~ T^/ \ T rtb — T^/ \ J rt ^ ~ ■ , . ^ aa — 



2 B{r) 



Fir) 



Fir) 



2 Air) 



Bir) 



(18) 



-0 _ cose* -,. 



Fir)F'ir)smH e ■ n n 1 ^'M 

= -sm6'cos6', = 



Bir) 



2 B(r) 



where a prime here and later denotes a derivative with respect to r. 
In view of this, Levi-chevita equations ([T]) yields: 



(19) 



B'jr) b'ir) 
Bir) bir) 



= 4V'r(0> Fir)F'ir)hir) -rBir) = 0, A'(r)6(r) - a'(r)S(r) = 0, 

(20) 



F'(r) 1 A'ir) a'(r) 

-fH--= ^-W' ^ - ^ = 2^-^^' = '^^W = '^^W = 0- (21) 

(r) r ^('") Q^(^) 

According to ([8]) the function V'r(?') • can be written as 

ipr = d\nx/dr, 



where 



Consequently, 



X{r) 



l/2(n+l) 



B ^ bx^; A = ax^; F ^ x; 
A'^a'x"; (F2)'=2rx^ 

Formulas for the function Fir) are compatible only if the functions xi''') ^re 
the solution of the differential equations 
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which yields 

x(r) = (l + fcr2)i/2, 

where k is an arbitrary constant. 

As a result, formulas which express the A(r),i?(r), and F(r) by a{r) and 
b{r) are given by 

A(r) - "('^^ B(r) - ^^'^^ F(r) - - (22) 

^^^^ - 1 + fcr2 ' ^^'^> - (1 + kr^f ' ^ ^'^^ - (1 + fc^2)i/2 ' ^^^) 

where fc is a constant satisfying apropriate physical conditions. 



4 Discussion 

It is obvious that the geodesies (projective) mappings of Riemannian spaces 
should be considered as gauge transformations of the differential equation, which 
is used to determine the geometrical characteristics of gravity in any theory 
based on Einstein's hypothesis of the motion of test bodies along geodesies of 
Riemannian space. 

The fact that the connection coefHcients and the metric tensor are deter- 
mined up to an arbitrary geodesic mapping, does not mean that our physical 
space-time has a projective symmetry. No doubt the physical space-time is lo- 
cally pseudo-Euclidean and the notion of length has a physical sense. This fact 
means that the geometric characteristics of the physical space-time (the coeffi- 
cient of the connection or metric tensor) can not be directly identified with the 
characteristics of the gravitational field, they are not observable variables of the 
field. Such variables must be geodesically invariant. 

However, the possibility to define observable variables of gravitational field 
exists. For example, although Christoffel symbols are not not be viewed as the 
observable characteristics of gravity, there are symbols of Thomas, which are 
geodesically invariant objects. They are not tensors. However, in the presence 
of a flat background metric, a tensor object from the symbols of Thomas can 
be formed [S]. 

As for metrics, there are two possibilities to compare such theory with ob- 
servations. 

Firstly, we can use solution of the field equations at some selected gauge 
condition, just as we do it with solutions of the Einstein equations at a selected 
coordinate conditions!! (It is used in [5 ). 

Secondly, there is an object that is geodesically invariant generalization of 
the metric tensor g^p if we consider the metric tensor as the 4-components 
of some 5-dimensional tensor in the spirit of a 5-dimensional interpretation of 
geodetic maps dating back to Thomas [5; and Veblen |12| . 

Let {A — ^ 4) he homogeneous coordinates of points in the tangent 
space of the space-time manifold with an arbitrary factor, which is conveniently 
labeled as exp(a;'^). Then, in addition to coordinate transformations 

x°' =x°'(x",x^,x^,x^) (23) 

■^From a fundamental point of view, the problem of observables in general relativity has 
not been solved. 
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we must also take into account the change of this factor by transformation of 
the fifth coordinate 

x^^x^ + Xogp (24) 

where p is an arbitrary function of . In this auxiUary five-dimensional man- 
ifold, we can define the geometric objects, which are transformed through ((23)) 
and (|24p . In particular, a tensor transforms as follows 

where capital letters range from to 4. 
The equation 

GabX^X'' = 

defines the quadric for which the equation of light cone gapdx'^dx^ = is an 
asymptotic. Tensor Gab determines a metric. In this case, gAB = Gab/Gh 
is a projective tensor, such that 544 = 1. If we define fA = gAo^ it follows from 
the transformation law of Gab, that /a is a covariant projective vector which 
transforms under pure 4-transformation of coordinates as 

_ _ dx^ 

fi = fi', fa = 

and under pure transformation of 5-coordinate (i.e under projective transfor- 
mations) as 



The tensor gAB is of the form 

9AB = ( I ) (25) 

where ga_^ is an affine tensor which can be identified with the metric tensor of 
space-time. It follows from the transformation law and that the object 

5a/3 = 9a0 - fafp (26) 

is invariant under the transformation of the fifth coordinate, and hence is in- 
variant under the geodesic (projective) maps of space-time. 

What is a field of fa{x) ? It follows from the transformation properties 
of the vector fa with respect to the transformation of 5-th coordinate that it 
can be a kind of a gradient invariant physical field similar to the 4-potential 
of electromagnetic field which was used in the Kaluza-Klein model. However, 
this vector can also be formed from the components of the metric tensor, since 
the Christoffel symbols Tp = F^^ have the same transformation law under the 
transformation of 5-th coordinate. This possibility was used in paper 

From this point of view Einstein's equation is very similar to some gauge- 
invariant equations that describe gravity in a fixed gauge. The simplest equation 
of this kind, which do not contradict the available observations, are proposed in 
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